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Use of the fact that a singular operator  t r ans fo rms  a polynomial again into a polynomial 
permit ted obtaining substantially new resul t s  in [1], devoted to wing theory.  This proper ty  
of singular operators  is used to solve the plane problem of elast ici ty theory  for a plane 
weakened by cracks .  The cr i te r ion  for the beginning of c rack  growth is re la ted  in the linear 
theory of f rac ture  to the s t ress - in tens i ty  factor  at its end. An investigation of the influence 
of the mutual a r rangement  of c racks  on the intensity factor is of considerable  interest .  The 
intensity factor is zero in the s tretching of a plane weakened by a longitudinal slit, but this 
factor  grows in the presence  of a t r ansve r se  slit  and may even exceed the intensity factor 
at the end of the t r ansve r se  slit. In this ease strat if icat ion of the mater ia l ,  the develop- 
ment of c racks  located along the loading line, s tar ts .  F r a c t u r e s  of this kind have been ob- 
served in experiments .  To solve the problem of determining the s t ress - in tens i ty  factor  at 
the end of a longitudinal c rack  in the presence  of a t r ansve r se  crack,  the considerat ion of a 
periodic sys tem of long i tud ina l - t r ansver se  c racks  turns out to be effective. Introduction of 
symmet ry  simplifies the construct ion of the solution of the problem, on the one hand, and is 
a good approximation to the problem of the mutual influence of two c racks  for a sufficient 
mutual r emova l  of the slits,  on the other. 

1. Let  a plane weakened by the following two periodic sys tems of slits be given (Fig. I). The longi- 
tudinal sli ts are  directed along the line y = 0, have identical length 2c, and are  located in intervals  of length 
2b(c < b) so that their middles x = 2kb(k = 0, * I ,  *2 . . . .  ) coincide with the centers  of the intervals.  The 
t r ansver se  slits,  perpendicular to the line y = 0, have the identical length 2a with middles located at the 
points 

x=bk=(2k-] -  t )  b, y=O. 

Given at infinity a r e  the s t ress  

0 ~  ~ ffl' 0 y "~ 62, Txy  ~ T~ 

Fig. 1 

and the edges of the slits a r e  s t r e s s - f r ee .  

The problem reduces  to an equation for the s t ress  function 

a~v=o, a=(  )=+( )~ (1.1) 

under the conditions 

Uuu=~h, U,==~rz, Uxv = - - x ,  (1.2) 
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at infinity, 

o n t h e e d g e s o f t h e s l i t s o n t h e l i n e  L" = ~ L;I, L~ = i x =- b ~, - -  a ~ y . ~  a i: , a n d  
t 1 1 ~  - -  oo  

(1.3) 

Uu~ = U=u =0,  (1.4) 

on the line 

We seek the solut ion of  the p rob l e m  in the f o r m  

b ~ (x, y) = U ~ (x. y) -i- U~ (x, y) § 

where 

u,,k (~, y), (1.5)  

i U= (x, y) = -~- (~y~ + a , z  2) - -  u y ;  

U 1 (x, y) = ~ -  , [/1 (~) (x --  ~) + is (~) Yl In {(x - -  ~ ) 2 .  y~.] d~; 

(1.6) 

(1 .7 )  

t ~ [/3 (g) (x  - -  bh) + ]4 01) (Y - -  ll)l l n l ( z  - -  bh) ~ + (Y - -  li)"i d~.  U2,k (x, y) = ~ ~,, 

L h  

(1.8) 

The function (1.6) a s s u r e s  compl i ance  with condi t ion (1.2), while the f o r m  of  the r e p r e s e n t a t i o n s  (1.7) 
and (1.8) is indica ted  by the appl ica t ion  of the F o u r i e r  t r a n s f o r m ,  a s  has  been done in [2], so that  the fo l -  
lowing r e p r e s e n t a t i o n  of  the solut ion of  (1.1) r e s u l t s :  

V ( z , y )  = ~ -  II. (~) (x - ~) + / ~  (~) yl In [ ( x - -  ~)2 + g~l 4 .  
- -co  

R e q u i r i n g  that the funct ions  f l  (~), f 2  (~) vanish  outs ide  the line L ' ,  i n c h d i n g  the ends of  its c o m p o -  
f 

nent  s e g m e n t s  Lk, we obtain (1.7). The  funct ion U1 (x, y) i n t roduces  s ingu la r i t i e s  a s s o c i a t e d  with weakening  
of the plane by longitudinal  s l i t s  into the gene ra l  solut ion of the p r o b l e m .  The r e p r e s e n t a t i o n  (1.8) can be 
obtained ana logous ly ,  with the sole d i f fe rence  that  in tegra t ion  h e r e  is ove r  the line x = b k = (2k + 1)b 'be-  
tween the l imi ts  --~o < y < ~r and the funct ions  f3  07), f 4  (~) a r e  a s s u m e d  z e r o  outs ide  the s egmen t  L k and 
on its ends .  The funct ions U2, k (x, y) in t roduce  s ingu la r i t i e s  a s s o c i a t e d  with the t r a n s v e r s e  s l i ts  into the 
gene ra l  solut ion of  the p rob lem.  

The  condi t ions  (1.3) and (1.4) at  the s l i t  edges  for  the de r iva t ive  funct ions  (1.5) r e s u l t  in a s y s t e m  of  
four s ingular  in tegra l  equat ions :  

j" s, + c;, --:: ~) ~-'- 4 + ~ ~,~ {(~ - b~) 1{2s: + ,,i~') - , ,s,  - ,,"i,:} = - ~o.; 
L" x -- ~ k=- -~  

(1.9) 

-_ -~  , ~ ~,,h ( -  ,1/, + ( ~ -  bk) -~/; - -  '1 (~ - -  b~) !~1 = ~T; (1 .10)  
L" h = - - a :  
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1, + OJ - -  11)/: d~l .-:- 2 G~ [~  % (Y - -  rl)/~, (y - -  ~I)}:-F G. {(b --  ~) ( I x -  Y.f2,~, 2y r . . ,  (b - -  E.) ~ l ; }  ---- - -  ~ , -  (1.11) 

LO k ~ O  

,~ .:r = "~ G %  I ( y  - -  n) f, + (b - -  b~)"/~1 + e , / (~ - -  ~) (/.~ + ~,/;) + ~/~1 = =,, 
' . (1.12) d 

L0 h@O 

w h e r e  f j  = f j  (}) for  j = 1, 2; f j  = f j  if/) for  j = 3 ,  4; 

(' s (r u) d~ 
G~ 181 = .] (b.:- ~)" + ,s" 

L '  

, : J . (~ . -  b~), + n2' 

G O Is} = a 2 . ~  {Slb)}.  2 ,k  

co 

Here  ~ G~.u I(b - -  bu)I} = 0. 

T h e  m e m b e r s  c o n t a i n i n g  Co = c / b ,  a o = a / b  in p o w e r s  not  a b o v e  the  fourth  w i l l  b e  r e t a i n e d  l a t e r  in 
s o l v i n g  the  s y s t e m  ( 1 . 9 ) - ( 1 . 1 2 ) .  

It i s  p o s s i b l e  to  w r i t e  (~2/4b2 = ~) 

- -  ~ = j x _ _ ~ _ _ 2 k b , -  ~!, ~,~ -~=~_~=&o ~-~ ~ . . . . .  

= __~ ~ + ~=, __~o (~ - t)' + 4~'b' = ' _  ~ - -  (~ - -  t) ~ + ~ (~ - -  ~)' / (t) d~ + 0 (d ) ;  

co c c 

l(~)r ~ =  , �9 _ 
i(2k -- I) b --p ill + Y~ --c 

Analogous expansions are introduced for the remaining members. Hence, by conserving the accuracy 
specified above, we replace the system (1.9)-(1.12) by the system 

i [h +(z--DI~]H.,(x--D~-- S l(218 +nl;).h,.'(x,,O+(l, + nl~) h l ( z , n ) l a n  = - - ~ % ;  
~ C  - - 0 .  : 

(1.13) 

c 

(1.14) 

~[h + (Y - n) l~] H~ (y - -  ,I) an + i I(21, %. yl~) h, (L y) -- (I, - yl~) ha (L y)l d~ = - -  =o,; (1.15) 

i + i ly,:h, Ct,,)--(1. + y,;) h.(:_, = ,,.. 
�9 - - c  

m @ ,  

(1.16) 

T h e  k e r n e l s  of  E q s .  (1 .13) - (1 .16)  a r e  

H I ( t )  = -i" - - - ~ t  - -  45" ' 7- + "5- t - -~ -~ t  3, 

/t3 (t) = -/- - -  ~- t + ~5 P ,  
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L e t  us note  tha t  for  a = 0 the  s y s t e m  (1.9)-(1.12)  d e g e n e r a t e s  into 

J ~-- -2~ = - - % ;  ~ .) ~ - - = T  = ~' 
L" L" 

whose  so lu t ion  y i e l d s  r e s u l t s  ob t a ined  fo r  a n u m b e r  of c o l l i n e a r  c r a c k s  [3]. F o r  c = 0, a~ = ~r~ = 0, f 4  = 0 
a n d  c o n s e r v a t i o n  of ( a / b )  2 a c c u r a c y  in the  so lu t ion ,  the s y s t e m  (1.13)-(1 .16)  r e d u c e s  to the  equa t ion  

i.fs(~l 'd~l n" i . ~ - ~  ~ / ~ ( ~ ) ( y - - ~ ) d ~ = u ~  

whose  so lu t ion  t u r n s  out  to a g r e e  wi th  the  so lu t ion  ob ta ined  in [4] for  a n u m b e r  of  p a r a l l e l  c r a c k s .  

2. Le t  cr 1= a 2= 0, v ~  0, Le t  us  a s s u m e f l ( ~ )  = f 4 ( v )  = 0 a n d t h e  f u n c t i o n s f 2 ( ~ )  a n d f s 0 7 )  to be  
odd r e l a t i v e  to t h e i r  a r g u m e n t s .  E q u a t i o n s  (1.13) and  (1.15) wi l l  a u t o m a t i c a l l y  be s a t i s f i e d ,  but  a f t e r  i n t e -  
g r a t i o n  by p a r t s  (1.14) and (1.16) a r e  w r i t t e n  a s  

a 
i t  (~) HI (x - -  ~) + ,I f3 01) ~1 [e + e 2 (x" - -  BS)l d~l = n~; 

~c --a 

f~ 01)/ / . (y  - ~1) dn - -  /~ ( D  e - r  -g- (3Y ~ + g~) dg = ~ .  

Le t  us  m a k e  the  s u b s t i t u t i o n  

~=  - -  c cos q~, x =  - -c  cOS %, ~1 = - - a  cos O, y =  - - a  c o s  Oo 

and  l e t  us  a s s u m e  

Tcco~ (~) za% (vj) 
s (~) ---: t%~--:-p, h (11) = ~---~----~_~, 

w h e r e  

r (~) = o~ ( - -  e cos ~) = ~ "r cos (2n + t) r 

o~3 01) = ~8 ( - -  acos O) = ~ ~3,~ cos (2n + 1) O. 

(2.1) 

U s i n g  the f o r m u l a  

i cos nada s in  nJ3 
. co~'~ ~ c'~ ~ ~ 7; s in  J] ' 
o 

we ob ta in  an a l g e b r a i c  s y s t e m  of e q u a t i o n s  to d e t e r m i n e  the  c o e f f i c i e n t s  of the  e x p a n s i o n s  (2.1). Us ing  the  
no ta t ion  p = (7rc/b) 2, q = (va /b )  2 and  c o n s e r v i n g  t e r m s  c on t a in ing  the  q u a n t i t i e s  p and  q in p o w e r s  not  a b o v e  
the second ,  we f ind the  c o e f f i c i e n t s  of the d e s i r e d  func t ions  in the  c a s e  of  p r o b l e m s  with  s h e a r :  

~ 2 o = i T  + +360 3S4 ' r  ~ ] ~ '  

P A- q 5PS "[- i tpq  qS pq qS 
Oso = i - -  --~ , 24 384 7"~' O)al ---~ 128 640" 

(2.2) 

L e t  ~l ~ 0, q 2 ~  0, T =  0. L e t  us  a s s u m e f 2 ( ~ )  = f 3 p T ) = 0  and  f u n c t i o n s f l ( ~ ) , f 4 ( ~ ? ) t o b e  odd. R e - ;  
p e a t i n g  the  s a m e  r e a s o n i n g ,  in  the  c a s e  of l ong i tud ina l  t e n s i o n  (a 1 ~ 0, ~2 = 1-= 0) 
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o:u~ (b o:cq (n) . 

/, ( b  = ~ ,  h (n) = 1:~__~, 

r i (~) = a~ ( - -  c cos +) = Y_ a , . c o s  (2n + 1) % 
n = |  

a~ (~) = a~ ( - -  a eosO) = ~ '  a~,~ cos (2n ~- 1) ~, 
, I = |  

(2.3) 

(2.4) 

where 

o 5 3 2 Pq 
~--8 q - -  i-~ pq' an= t28' 
�9 q q" q~ 

~4o  = - -  t 8 48 + p~ 

(2.5) 

In e x a c t l y  the  s a m e  way  in the c a s e  of t r a n s v e r s e  t e n s i o n  ((r 1 = 1- = 0, ~2 ~ 0), by  r e p l a c i n g  the func-  
t ions  ~l (~),  ~4 07) in  (2.3) and  (2.4) by  fll (~) ,  f14 07) and the  c o e f f i c i e n t s  (~jn by  f l jn,  we f ind  

p p2 ~ pq p~ 
6,o = -- I 8 ~ T ~ 6 ,1=  - - ~  

~4o p , 3p" pq pq 
= ~ -'- i ' ~  - -  i - ~ '  f h ~  = - -  t28" 

(2,6) 

L e t  us  e v a l u a t e  the  v a l u e  of  the  s t r e s s - i n t e n s i t y  c o e f f i c i e n t s  a t  the  ends  of  the  l ong i tud ina l  and  t r a n s -  
v e r s e  s l i t s .  To d e t e r m i n e  t h e m ,  a s  i s  u s u a l  [5], l e t  us  i n t r o d u c e t h e  func t ions  Z 1 (z),  Z 2 (z) a s s o c i a t e d ,  r e -  
s p e c t i v e l y ,  wi th  the  t e n s i o n  a and  the  s h e a r  % w h o s e  a r g u m e n t  i s  the  c o m p l e x  v a r i a b l e  z = x + iy  (z = x -  
iy) .  Hence ,  in the  t e n s i o n  c a s e  

r  t - y I m Z t ,  6y----ReZ l - y Z [  

and in the  s h e a r  c a s e  

o.  = 2 I m Z ~  + yReZ2 ,  % = - - y R e Z 2 .  (2.7) 

By v i r t u e  of  the  r e l a t i o n s h i p s  (2.7) and the  r e p r e s e n t a t i o n s  (1 .5)-(1 .8)  we have  

2 ~(x_--__~).h-,~-y_/.~ d ~ +  2 (Re Z~ + Im Z~) = o:~ + % = AU ----- 7 .1 (x --  g)z + ~,.- 
L "  

+ S " + " '  a ~'-~ (x__bk)2.~(y ~-~ a r l = 2  . x--g-t-~y 

" 2 I m  -if" x - - b ~ - - i y , i U  
L n  

T h e r e f o r e ,  

I i" /,d~. 1 f.~dq 
Z~ (z) = W J ; --- } + 7 

L" h ~ ,. z - -  bit - -  i'q 
Lh 

Z 2 (Z )  ~--- ~ -----z'z__~ - - '  - ' ~  : - -  b h - -  s ~ 

L k  

(2.8) 

E x t r a c t i n g  the s i n g u l a r i t y  a t  the  ends  z = ~-c in the  f i r s t  of  t h e s e  e x p r e s s i o n s ,  we can  w r i t e  

c 

t I 1', ~b a~ , S~ (z ) ,  Z ~ ( z ) = - -  - - - ~  i 
r 

(2.9) 
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where  S t (z) is a r egu l a r  function in the neighborhood of a longitudinal 
slit .  By vi r tue  of (2.3) and (2.4), for  longitudinal tension 

- - c  - - c  

4all , ~,--~ z '  ~ ) ] .  (2,10) 

Evaluat ion of the in tegra ls  encountered he re  is p resen ted  in [6]. 

The re fo re ,  the s ingular i ty  of the function Z 1 (z) is a(al0 + a l l ) x  
z / ~ ,  whereupon the s t r e s s - i n t e n s i t y  factor  at  the end of a longi- 
tudinal sl i t  under longitudinal tension turns  out to equal 

*-,r = ,-,~+01im [1/-2-~ (x  - -  c).Z 1 (x ,  0 ) ] :  lim=_~c i/2:i  (x - -  c) a~ (a~0 -t- a~l) ~lfz!-!--~- ~ -~ al t/~'~ (alo -I- r  (2.11) 

The following s y s t e m  of notation is taken he re  for the s t r e s s - i n t e n s i t y  factor :  the subscr ip t  1 in- 
d icates  tension and, hence,  the s u p e r s c r i p t s  I or  2 c o r r e s p o n d  to tension in the longitudinal and t r a n s v e r s e  
direct ions;  the subscr ip t  2 co r r e sponds  to shear ,  while the subscr ip t s  c and ei c o r r e s p o n d  to the lon- 
gitudinal and t r a n s v e r s e  s l i t s .  

Analogously,  we obtain 

K2o = lira [V 2~ (x - c) Z. (x, 0)] =~ V ~ ( ~ , 0  + ~ . ) .  
.x-~c+O 

(~) 
For transverse tension ~:~), ~, n,0, ~.  should be ,~itten, respectively, instead of ~ ,c ,  ",, ~,0, ~.. 
The values of these  s ame  quanti t ies  at  the end of the t r a n s v e r s e  sli t  (x = b, y = -~ a) a r e  obtained by 

rep lac ing  c by a and the subsc r ip t s  10, 11, 20, 21 on the quanti t ies  a,  fl, w by 40, 41, 30, 31, r e spec t ive ly .  
The quanti t ies  amn,  fTmn, ~ m n  a r e  hence de te rmined  by the re la t ionsh ips  (2.2), (2.5), and (2.6). 

The coeff icients  g[l)/~l~fb, K~2)/o'2~/'D, K2/T~D a r e  r e p r e s e n t e d  in Figs.  2 -4  as  a function of c /b .  
Curves  1-4 c o r r e s p o n d  to values  of a / b  equal to 0.2, 0.4, 0.6, 0.8. The solid l ines  show values of the inten- 
sity fac tors  at the end of the longitudinal sli t  (x = c), and the dashes  show the values at the end of the t r a n s -  
v e r s e  sli t  (y = a). The s ingular i ty  in Fig. 2 is the p resence  of a quite definite max imum of the coeff icient  
K~c/ in the case  of longitudinal tension for high values of a / b .  At the same  t ime,  under shear  (Fig. 4) all  
the cu rves  K2c have maximal  values ,  where  this max imum shifts  towards  lower values  of c / b  with the in- 
c r e a s e  in a / b .  The behavior  of K 2 a is analogous as a / b  changes.  
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Finally, let us calculate the elastic s t rain energy increment  on a c rack  (the work of opening during 
crack formation). The t r ansve r se  displacements of the edge of a longitudinal slit  L~ during tension a re  de- 
termined by the relat ionship 

2Gv~=U+ 'Im~9--yReZ~ ( j=  t;2), 

and its longitudinal displacements  under shear are  

Here ~ = (3 -v ) / (1  + u); 2G = E/(1 + u) is Y oung's modulus,u is the Poisson  rat io,  the functions Zl(z), 72(z) 
are  determined by the equalities (2.8), and Z 1, Z 2 are  their  pr imit ives .  

! 
The energy increment  on the sl i t  L0 per unit thickness of the sheet in which the c rack  formed will be 

writ ten a s 

AA = �89 t [o, o:) + o. + ,  d,. 
- - c  

Let us evaluate the f i r s t  member .  Integrat ing the function Zt l) represen ted  by (2.9) and (2.10) yields 

where'Sl(z) is a regula r  function on L 0. 

Therefore ,  on a longitudinal slit  

i ~c' ~: i u+ t al im'~i)+(x)dx = - g  "~176 AAI = 2G 2 
~ c  

Finally, the energy increment  on one longitudinal c rack  becomes 

We obtain the energy increment  on a t r ansve r se  c rack  analogously, 

~a 2 

where the quantities an0, fin0, ~n0 a re  determined by (2.2) (2.5), and (2.6). 
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